2.6 The Leontief Input-Output Model
Nation's economy in n sectors; x is production vector
Open sector: consumes only; d is final demand vector

Producers create additional intermediate demands for own
production

Leontief asked: dx > produced £ total demand:

amount . . final
duced | — intermediate demand
pro demand
X d

Basic assumption: for each sector ¢ 4 unit consumption
vector c; € R": inputs needed per unit of output

All units measured in money, e.g.: $M

Purchased Inputs consumed per unit of output
from: Manufacturing Agriculture Services
Manufacturing 5 4 2
Agriculture 2 3 1
Services 1 1 3
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C1 C2 C3



E.g.: What will be consumed by Manufacturing if it produces
$100M worth?

i) o0
100c; = 100| .2 | = | 20
1 10

or: Manufacturing will demand (or consume) $50M of Manu-
facturing, $20M of Agriculture and $10M of Services. (Take
home: $20M.)
Intermediate demand:

T1C1 + X2Cy + x3¢3 = CX

where consumption matrix:

D 4.2
C=12.3.1
1.1 .3
Leontief’s Input-Output Model:

X = Cx + d
amount intermediate final
produced demand demand

Rewriting:
Ix—Cx=d



or.

(I -C)x=d
E.g., d =[50 30 2O]T, ($50M, $30M, $20M, resp.), we have:
100 5 4 .2 D —4 =2
I-C=]010|—-123.1|=|-2 .7 -1
001 1.1.3 -1 -1 .7
Solving:
D —4 —.2 50 1 00 220
-2 7 -130|~---2|010 119
-1 =1 .720 001 78

Therefore, Manufacturing must produce $226M worth, Agri-
culture $119M worth and Services $78M worth. (!!)

If (I — C) invertible, then:
x=(I-C)"'d

In general:

1) (I — C) is invertible
2) x is feasible, i.e., Vi : z; > 0

3) C's column sums < 1 (reasonable; otherwise: deficit)



Theorem: If VVi:d; >0, Vi, j: Ci; >0 and 3)column
sums < 1, then 3 (I — C)~" and x unique with Vi : z; > 0.

A Formula for (1 —C)~'

Initially, only final demand d = intermediate demand C'd

demand that inputs needed to
must be met meet this demand

final demand d Cd
intermediate demand
Ist round cd C(Cd) = C4d
2nd round C*d C(C2d) = C*d

3rd round C3d C(C3d) — 4

Production vector x to meet this demand:

x =d+C0d+C*’d+C%d +---
= (I+C+C*+C*+--)d

Note the identity (multiply out to see):
([—O)([+C—|—C2—|—..._|_Om> _J— mtl

With above assumptions, C™ — 0 and:
(I-O) ' mI+C+C*+C3+ - O™



Think of scalar analogy: C' = %

We have for (1 — C)™"

1) generally, only small m is necessary

2) column j are increase productions due to one unit increase
in the final demand from sector j

3) Ax=b —(I — C)x =b with C' =1 — A; if A sparse

and column sums < 1 then C™ — 0, etc.



