
Window Fill Rate in a Two-echelon
Exchangeable-Item Repair-System

Michael Dreyfuss and Yahel Giat

Abstract The fill rate service measure describes the proportion of customers who
commence service immediately upon arrival. Since, however, customers will usu-
ally tolerate a certain wait time, managers should consider the window fill rate in
lieu of the fill rate. That is, the performance measure of interest is the probability
that a customer is served within the tolerable wait time. In this paper, we develop ap-
proximation formulas for the window fill rate in a two-echelon, exchangeable-item
repair system in which the upper echelon is a central depot and the lower eche-
lon comprises multiple locations. We demonstrate the use of the formulas through
a numerical example and measure the approximation error of the window fill rate
formulas using simulation.

1 Introduction

Exchangeable-item repair systems are systems to which customers bring a failed
item and exchange it for a serviceable item. We consider a two-echelon system
similar to [10] that comprises multiple locations in the lower echelon and a central
depot in the upper echelon. The repair facilities in the lower echelon are capable
of repairing only certain failures. If a failure cannot be repaired on-site, the item is
shipped to the central depot for repair. To improve the system’s performance, spares
may be allocated to each of the locations.

In this paper, the system’s performance is an extension of the fill rate measure.
The fill rate assumes that customers penalize the firm if they wait. In most cases,
however, customers will tolerate a certain period of wait and therefore the firm does
not incur reputation costs if the customer waits less than the tolerable wait. In [7],
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the fill rate measure is extended to incorporate this customer patience in a single-
echelon setting, and termed as the window fill rate, that is, the probability that the
customer is served within the tolerable wait. The goal of this paper is to extend these
results and develop approximating formulas for the window fill rate in a two-echelon
system.

Our paper contributes to the research of multi-echelon exchangeable-item re-
pair systems originated by Sherbrook’s METRIC model ([15]) that develops an ap-
proximate evaluation of the number of backorders in a multi-echelon system and
describes a greedy algorithm to solve the spares allocation problem. This body of
research is presented in books such as [16] and [14] and recently reviewed in [2].
Except for the fact that we limit the system to a two-echelon structure, we assume
the standard METRIC assumptions, which include ample repair servers, that com-
ponents fail according to a Poisson process with a constant arrival rate and a contin-
uous (S−1,S) review policy.

Many METRIC-based papers focus on the number of back-orders performance
measure (e.g., [1], [6], [9]) or the fill rate performance measure (e.g., [4], [13]). The
disadvantage of the fill rate is that it does not take into account research such as [8]
that report that customers will tolerate a certain period of wait, (see also [11] who
use the term “reasonable duration”). We incorporate this, by considering the window
fill rate, i.e., the probability of a random customer to be served within a certain time
window. [3] develop a mathematical expression for the window fill rate for a single
location and [7] characterize its functional form and develop an algorithm to find
the near optimal spares allocation in a multiple location single echelon mode. We
extend these papers to a two-echelon system.

2 The Model

The system comprises two echelons with L locations in the lower echelon and one
central depot in the upper echelon. We number the depot as location l = 0 and the
lower-echelon locations as l = 1, ..,L. Customers arrive to each of the L+1 locations
at rate λl ≥ 0, l = 0, ...,L. Each location has ample identical repair servers with i.i.d.
repair times. The local repair facilities are able to repair only certain failures whereas
more complex failures are sent for repair in the central depot. In each location, the
cumulative repair time distribution is given by Gl(·). Customers receive the available
items according to a first-come first-serve policy. To reduce customer waiting time,
the system keeps a number of spares, so that if there is a spare item available in stock
it is given immediately to the client in exchange for the arriving failed one. After
receiving an item, the customer leaves the system. Let pl denote the probability that
an item can be repaired on-site and is not forwarded to the depot. Lateral shipments
are not allowed and therefore the probability of being forwarded to the depot from
location l > 0 is 1− pl . The central depot itself is able to repair all types of failures
and therefore p0 = 1. The back and forth shipment times from any lower-echelon
location l to the central depot are i.i.d. with a probability density function dl(t).
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The replenishment time is the time between a customer’s arrival to a location
until the customer’s item or its replacement joins the location’s stock. In the lower
echelon, replenishment could happen in one of two ways. With probability pl , repair
is done on-site and therefore the probability for replenishment within time t is Gl(t).
Alternatively, with probability 1− pl , an order is opened and forwarded with the
failed item to the central depot and returns with a serviceable item. In this case, for
replenishment to happen within time t, the waiting time at the depot plus shipment
time must be less than t. Therefore, in the lower echelon

Pr[replenish≤ t] =

= Pr[repair here]Pr[repair≤ t]+Pr[repair at depot]Pr[shipment+wait at depot≤ t]

= plGl(t)+(1− pl)
∫ t

x=0
Pr[shipment = x]Pr[wait at depot≤ t− x]dx

= plGl(t)+(1− pl)
∫ t

x=0
dl(x)F0(s0, t− x)dx.

In the above, F0(s0, t) is the window fill rate of the depot, that is, the probability
that a customer or order arriving to the depot is served within t units of time when
there are s0 spares in the depot. In contrast to the lower echelon locations, in the
depot, replenishment happens only due to repair on-site. Therefore, the cumulative
distribution of the replenishment time, Rl(s0, t), is given by:

Rl(s0, t) =

plGl(t)+(1−pl)
t∫

x=0
dl(x)F0(s0, t−x)dx, if l = 1, ...,L

G0(t), if l = 0.
(1)

The total arrival rate at the central depot, λ̂0, is the sum of the customers arriving
to it and the orders that are forwarded to it from the lower echelon. Thus, λ̂0 =
λ0 + ∑

L
l=1(1− pl)λl . For the other locations, l = 1, ...,L, the total arrival rate is

equal to the customer arrival rate λ̂l = λl .
Since arrivals to the depot are independent, if the depot has no spares then the

replenishment times are also independent (recall, the depot has ample servers and
each server repair time is i.i.d.). In contrast, when there are spares in the depot
the replenishment times described above are dependent (see [10]). In the ensuing
analysis, we follow the standard METRIC model [15] approach and neglect this
dependency. In Section 3 we measure the error due to neglecting the dependency
by comparing the window fill rates derived by the approximation formulas with the
window fill rates computed through simulation.

Proposition 1. If location l is allotted s spares then the window fill rate for tolerable
time t, Fl(s, t) is given by

Fl(s, t) = P[Ŷl(t)≤ s−1]+Rl(s0, t)P[Ŷl(t) = s]. (2)

where Ŷl = Y1,l −Y2,l and where Y1,l and Y2,l are Poisson random variables with
parameters λ̂l

∫
∞

u=t(1−Rl(s0,u))du and λ̂l
∫ t

u=0 Rl(s0,u)du, respectively.
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Proof. Follows immediately from Proposition (9) of [3], where we replace the repair
time with the replenishment time and the arrival rate with the total arrival rate. ut

Plugging (1) into (2), Fl(s, t) is given by

Fl(s, t)=


P[Ŷl(t)≤s−1]

+
(

plGl(t)+(1−pl)
t∫

x=0
dl(x)F0(s0, t−x)dx

)
P[Ŷl(t)=s] if l = 1, . . . ,L

P[Ŷl(t)≤s−1]
+ G0(t)P[Ŷl(t) = s] if l = 0.

(3)

Proposition 2. a. Fl(s, t) is increasing with s.
b. Fl(s, t) either concave or convex-concave with s.

Proof. Follows from the proof of Proposition 1 of [7]. The difference here is that
we have the replenishment time, Rl(s0, t), instead of the repair time, Gl(t). However,
since the proof does not make any assumptions on the functional form of the repair
distribution function, it is permissable to replace Rl(s0, t) with Gl(t). ut

Let s = (s0, ...,sL) denote the spares allocation in the system (depot and lower-
echelon locations). The system’s window fill rate, F(s, t), is the weighted average of
window fill rates in each node as follows,

F(s, t) =
L

∑
l=0

λl

λ
Fl(sl , t). (4)

where λ = ∑
L
l=0 λl is the sum of customer arrivals to the system.

3 Numerical Example

We demonstrate the uses of the window fill rate formulas (3)-(4) using parametric
values loosely based on a small-scale realistic problem. Consider a depot serving
four locations (L = 4) in which all customers tolerate a wait of t = 9. For simplicity,
we assume that all the lower-echelon locations are identical in their arrival rate and
probability for on-site repair. Specifically, λl = 0.06, pl = 0.5 for all l = 1, ...,4. We
assume, however, that customers do not arrive directly to the depot, that is, arrivals
to the depot are only by repairs forwarded from the lower-echelon locations. Thus,
λ0 = 0 and p0=1. Repair time in all the locations (including the depot) is normally
distributed with mean 45 and standard deviation 10. Travel time from each location
to the depot is constant, dl = 5.

For this example, we assume that there are S = 12 spares available for operations.
In Table 1 we report the window fill rate for different spares allocations. We consider
s0 values of 0,4,8,12. When there are twelve spares in the depot, there is only one
possible lower-echelon allocation. For eight, four and zero spares in the depot there
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are five, fifteen and thirty-three different lower-echelon allocations, respectively (re-
call, the lower-echelon locations are identical). For each s0 that we consider, we
report at most four allocations; the allocation with the highest and lowest window
fill rates.

To test the accuracy of the window fill rate formulas, we compare the formula-
derived window fill rate with the window fill rate values that are derived through
simulation. For each simulation, one thousand independent replications were sim-
ulated each for time durations equivalent to 10,368 demand events. The average of
the one thousand observed window fill rates is reported. In all our simulations, the
half width of the 95% confidence interval is less than 0.00081.

Table 1 The formula-based and simulation-based window fill rate for different spares allocation

pl = 0.5 pl = 0
Allocation Window Fill Rate Errora Window Fill Rate Errora

s0 (s1, ,s4) Formulas Simulation Formulas Simulation
12 (0,0,0,0) 21.50% 21.06% 0.4% 67.15% 71.54% 4.4%
8 (4,0,0,0) 38.36% 38.21% 0.1% 36.75% 42.36% 5.6%
8 (3,1,0,0) 45.50% 45.42% 0.1% 48.55% 51.27% 2.7%
8 (2,1,1,0) 50.39% 50.41% 0.0% 58.84% 58.57% 0.3%
8 (1,1,1,1) 51.81% 51.92% 0.1% 64.43% 62.62% 1.8%
4 (8,0,0,0) 28.16% 29.11% 1.0% 25.24% 25.90% 0.7%
4 (7,1,0,0) 34.54% 35.45% 0.9% 31.04% 32.20% 1.2%
4 (3,2,2,1) 59.75% 59.59% 0.2% 55.05% 55.61% 0.6%
4 (2,2,2,2) 62.30% 61.96% 0.3% 57.33% 57.74% 0.4%
0 (12,0,0,0) 25.00% 25.01% 0.0% 25.00% 25.02% 0.0%
0 (11,1,0,0) 27.48% 27.50% 0.0% 27.13% 27.17% 0.0%
0 (3,3,3,3) 59.34% 59.40% 0.1% 55.41% 55.47% 0.1%
0 (4,4,4,0) 59.80% 59.86% 0.1% 57.46% 57.50% 0.0%

a The absolute difference between the formula-derived and the simulation-derived window fill rates

Recall, we neglect the replenishment dependency. As discussed in Section 2,
when there are no spares in the depot the window fill rate formulae are accurate.
Indeed, by Table 1, when s0 = 0 the absolute error is less than 0.1%, which is within
the confidence interval. In contrast, when there are spares in the depot, the depen-
dency of the replenishes increases and the formulas are less accurate (see upper rows
of Table 1). Furthermore, the number of replenishes decreases with pl . Indeed, the
error is most appreciable when pl = 0, i.e., when all the items are repaired at the de-
pot (see the right column of Table 1). Of the fifty-four allocations that we examine,
when pl = 0.5 the absolute error never exceeds one percent. When pl = 0 the errors
of only nine allocations exceed one percent and the maximal absolute error is 5.6%.
The advantage of using formulas over the more accurate simulation is in the com-
putation time. Whereas the time to execute each simulation is approximately thirty
minutes, the time to compute the formulas-derived window fill rate is instantaneous.
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4 Conclusions

In this paper, we derive approximating formulas for the window fill rate in a two-
echelon exchangeable-item repair-system. We compare the formula-derived window
fill rate values with the window fill rate that is computed through simulation. For the
specific example that we use we find that the maximal absolute error is 5.6%. This
example demonstrates that in many situations, the cost in terms of loss of accuracy
may be negligible compared to the gains in computing time. For example, if man-
agers are seeking to maximize the window fill rate then many evaluations are needed
and using the formulas is preferable to simulation the window fill rate.
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